Abstract: A characterization of the subdirectly irreducible separable dynamic algebras is presented. The notions developed for this study were also suitable to describe the previously found class of the simple separable dynamic algebras.
Introduction
Both Rautenberg [Rau79] and Venema [Ven05] gave characterizations for subdirectly irreducible and simple Boolean algebras with operators. We have shown [Pin06] there are significant differences between congruences on dynamic algebras (pairs of a Boolean congruence and a regular congruence being closed to the heterogeneous operator (diamond),(cf. Definition 2.2)) and congruences on Boolean algebras with operators (Boolean congruences closed under operators). It is the propose of this work to show that results similar to those by Rautenberg and Venema can be achieved for the class of the separable dynamic algebras (Theorem 3.21 and Corollary 4.3).
Dynamic algebras
Dynamic algebras were introduced by Kozen [Koz79a] and Pratt [Pra79] to provide models for Propositional Dynamic Logic (PDL). Following Pratt a dynamic algebra is a two-sorted algebra (B, R, ) verifying a certain set of equations. The Boolean universe (the universe of the propositions) B = (B, ∨, ∼, 0) is a Boolean algebra (an algebra with a binary operation ∨, one unary operation ∼ and a nullary operation 0, satisfying the usual set of axioms); the regular universe R = (R, ∪, ; , * ) (or universe of actions or universe of programs) is an algebra with two binary operations, ∪, ; and one For p and q elements of the Boolean algebra B, we used (p ≤ q) as an abbreviation of (p ∨ q = q). Pratt [Pra79] showed that conditions (5a) and (5b) can be replaced by a * , p = min a!p where a!p = {q ∈ B : p ∨ aq ≤ q}. For a, b ∈ R and p ∈ B we write ap instead of a, p , ab instead of a; b and use a ≤ b whenever (ap ≤ bp, for every p ∈ B).
Let D = (B, R, ) be a dynamic algebra and a, b ∈ R. We put a ∼ = R b, if ap = bp, for every proposition p in B. The pair (=, ∼ = R ) defines a congruence relation (cf. Definition 2.2, below) in the dynamic algebra D. A dynamic algebra is separable if for any actions a and b in R, such that ap = bp, for any proposition p ∈ B, then a = b. For every dynamic algebra D, the quotient algebra D/(=, ∼ = R ) is separable.
The mixed operator diamond , : R × B −→ B can be seen as
where F(B; B) = {f |f : B −→ B is a mapping}. However, unless D is separable, does not define a representation of R since is not oneto-one. We may have equal mappings a and b in F(B; B) with a = b. Consequently, for D an arbitrary dynamic algebra, { a : a ∈ R} is a family of mappings in B indexed by R (where the extensionality axiom is not satisfied). In a separable dynamic algebra, R may be identified with a set of mappings in B, that we will use whenever appropriate. Therefore, a dynamic algebra D, can be viewed as a Boolean algebra with operators [Pra79] . Moreover,
is a modal algebra (cf. [Kra99] ) associated with D. The same modal algebra may be determined by distinct dynamic algebras.
The relation ≤ in R, a ≤ b whenever (ap ≤ bp, for every p ∈ B) is reflexive and transitive, but it is not antisymmetric in general (since the conditions ap ≤ bp and bp ≤ ap give rise to ap = bp, for every p ∈ B and not necessarily to a = b) and, therefore, defines a quasi-order in R. Clearly, in separable dynamic algebras ≤ defines a partial order since the antisymmetry is satisfied.
The elementary algebraic theory of dynamic algebras is similar to that of every other algebraic system [SB81] , [Wec92] . We will specify some concepts for later use. In a dynamic algebra D = (B, R, ) we define the congruences ∆ B and ∇ B on B and ∆ R and ∇ R on R as expected:
is not a congruence on D. Next we establish the conditions under which, for θ 2 congruence on R, the pair (∆ B , θ 2 ) is a dynamic congruence. 
Subdirectly Irreducible Separable Dynamic Algebras
Although every finite algebra is isomorphic to a direct product of directly indecomposable algebras, the same does not hold for infinite algebras. To solve this problem Birkhoff was led to consider subdirectly irreducible algebras.
For A arbitrary algebra we denote by Cong(A) the lattice of all congruence on A. The importance of the class of the subdirectly irreducible algebras is well stated on the following results due to Birkhoff. The class of the simple algebras is a relevant subclass of the subdirectly irreducible algebras.
Definition 3.4. An algebra A is simple if and only if Cong(A) = {∆, ∇}.
At [Pin06] the class of all simple separable dynamic algebras was described.
Definition 3.5. [Pin06] Let D = (B, R, ) be a separable dynamic algebra with regular part containing an element ∃ s satisfying ∃ s 0 = 0 and ∃ s p = 1, for every p = 0. We call this element of R the simple quantifier.
Theorem 3.6. [Pin08] The separable dynamic algebras (B, {∃ s }, ) with B arbitrary are the unique simple separable dynamic algebras.
Using [Pin06] we are able to conclude that a separable dynamic algebras, D = (B, R, ), with Boolean part containing one or two elements is subdirecty irreducible. In fact we have
(1) If B = {0} then R = {o}, and therefore, D is a degenerated dynamic algebra (admitting only one congruence).
are the unique existing dynamic congruences and therefore D is simple and hence subdirectly irreducible.
Therefore to obtain insight into the notion of subdirectly irreducibility we are led to study separable dynamic algebras
with Boolean part having 2 n elements (i.e., card B = 2 n ) for n ∈ N, n > 1.
As stated before, separable dynamic algebras can be seen as Boolean algebras with operators. But since the notions of dynamic congruences and modal congruences do not agree, a more detailed study of the former concept must be endured. (We note, for instance, that modal algebras are congruence distributive [Kra99] but separable dynamic algebras are not [Pin08] .) On Boolean algebras with operators Venema [Ven05] used the notion of essential Boolean element to characterize the class of the subdirectly irreducible algebras. Now our aim is to establish, in the class of the separable dynamic algebras, an entity with a similar role to the one expressed by an essential element in Boolean algebras with operators. 
Proposition 3.8. Let D = (B, R, ) be a separable dynamic algebra with regular part containing the simple quantifier ∃ s . For every p ∈ B, with p = 1, the pair (p, ∃ s ) is an essential dynamic element in D.
Proof : Since ∃ * s q = ∃ s q = 1 for every q ∈ B and q = 0, then ∃ * s q ≥∼ p, for each p ∈ B, and therefore, for every p ∈ B, with p = 1, the pair (p, ∃ s ) is an essential dynamic element in D.
We examine the existence of essential dynamic elements on two separable dynamic algebras. 
The pair (q, a) is an essential dynamic element, since given by
and its inverse
by N θ := {p ∈ B : pθ1}. 
Let p ∈ F s and q ∈ B such that p ≤ q. Then there exists a * ∈ R such that
]s < q, and therefore q ∈ F s .
We have just proved that F s is a Boolean filter. ]p ∈ F and so p e ∈ F . Therefore F p e ⊆ F as required.
Now it is to be proved that for p ∈ F s and a
A Boolean congruence θ 1 is called dynamical on a separable dynamic algebra D = (B, R, , ) whenever there exists a congruence θ 2 on R such that (θ 1 , θ 2 ) is a congruence on D. Examples of non dynamical congruences can be found in [Pin08] . As in Boolean algebras with operators [Ven05] , the existence on a separable dynamic algebra of a unique Boolean element (associated with a essential dynamic element) determines the subdirectly irreducible dynamic algebras. We illustrate the result established by Theorem 3.21 with the following examples.
Example 3.22. Previously at Example 3.9 we presented a separable dynamic algebra D = (B, R, ) with B = {0, p, q, 1}, R = {a}, where
containing a unique essential dynamic element, the pair (q, a). Therefore by Proposition 3.21 this dynamic algebra is subdirectly irreducible. In fact, CongR = {∆ R } and CongB = {∆ B , θ 1 , γ 1 , ∇ B } where
is a (dynamic) congruence since 0θ 1 0 implies a0θ 1 a0 so 0θ 1 0 0θ 1 p implies a0θ 1 ap so 0θ 1 p 1θ 1 q implies a1θ 1 aq so 1θ 1 1 1θ 1 1 implies a1θ 1 a1 so 1θ 1 1.
Nevertheless the pair (γ 1 , ∆ R ) is not a (dynamic) congruence since 0γ 1 q but a0 γ 1 aq (i.e. 0 γ 1 1).
Therefore
The minimum element of the set CongD − {(∆ B , ∆ R )} exists (and is equal to (θ 1 , ∆ R )). Therefore D is subdirectly irreducible. Since the minimum element of the set CongD − {(∆ B , ∆ R )} does not exist, D is not subdirectly irreducible.
Simple Separable Dynamic Algebras
Similarly to Boolean algebras with operators, the simple separable dynamic algebras are fully characterized by its essential elements. A corresponding result to the one found by Rautenberg for Boolean algebras with operators can now be asserted. Corollary 4.3. A separable dynamic algebra D = (B, R, ) is simple if and only if, for every element p e ∈ B, p e = 1 and a ∈ R, the pair (p e , a) is an essential dynamic element.
